The theor y developed in an earli er paper, for an accurate reference or bit of an artific ial satellite, is fi rs t slightly modified, so as to prepare the way for a treatment of zonal harmonic perturbations. Delaunay variables are next introduced , by means of certai n linear co mbin ations of th e action varia bles, along with their canonical conjugates. Appli cation of the von Zeipel method then permits th e calc ulation of the most important zonal harmoni c perturb ations. These ari se from the third , with coefficie nt 13, and the residual fourth, with coefficient 1. + 1~. The acc uracy of the sec ular and s hortperiodic effects is through terms of order 1~ and th at of th e long-periodi c e ffects is through ter ms of order h . Since the reference orbit itself, with its exac t sec ular terms, takes care of all but 0.5 per· ce nt of the de vi ati on of the earth 's gr avitational fie ld from spheri cal sy mm etry, th e overall sec ul ar accuracy of the final orbit surp asses that of other seco nd order theori es. T he res ults are co mp ared with those of Kozai .
Reference Or bit
The author [Vinti 1959a,b] has introduced a polt'nti al (1.00) that can re prese nt acc urately the gravitati onal fi eld.of a n oblate plane t. the gravitati onal cons tant G a nd th e plan et's mass, c is an adju stable oblate sphe roidal coo rdinates, de fin ed by the equations He re I-t is the produ c t of le ngth , and p and YJ are x + iY = r cos e exp i</> = [(p2 + c 2 ) (1 -YJ2) ]1> exp i</> (1.01) Z = r sin e = pYJ. (1.02) If an artific ial sat ellite is at the field point, r , e, and </> are respectively it s plane toce ntri c di s ta nce, declination, and right asce nsion, and X, Y, and Z are its rectangular coordinates, OZ being along the planet's axis and OX pointing toward its vernal e quinox.
If r" is the equatorial radius, the tru e pote ntial is v = -I-tr-1[l -~(rp/ r)IIJIPII(s in e)] + tesseral harmoni cs, where only the products r; Jn need to be known. That is, differe nces in the de finition of re, whe n noncircularity of the e quator is take n into account, can be reco nciled by s mall adjus tme nt s of the j's. Then if V' re pre sents exactly the zeroth harmonic -IL/r and the second harmonic and also gives higher e ve n harmonics , characterized by (1.05)
In particular it gives J4 + J~ = 0, as compared with obs erve d values for the earth ranging from -(0.9)10-6 to (0.4)10-6 (Kaula 1962; King-Hele, Cook, and Rees 1963) . Consequently it accounts for about 99.5 percent of the deviation of V from the value -IL/r corresponding to spherical symme try. It thu s accounts almost completely for the flatte ning of the earth, leading to a geoid that never de parts by more than about 30 m from th e tru e sea-le vel s urface. For the drag-fre e motion of an artificial satellite the potential (1.00) le ads to a separable proble m, which has been worked out analytically [Vinti 1961 [Vinti a,b , 1962 . This solution , holding for all angles of inclination and containing no critical inclination or long-periodic terms, gives secular terms exactly by me ans of rapidly converging infinite series and short-periodic terms correctly through order n. We call this orbit corresponding to (1.00) the reference orbit. For such a ref-
ere nce orbit error can ne ver accumulate , because of the exactn ess of th e secular terms, and the p e riodic te rm s can be in error only by amounts of the order J~, i. e. , by about 1 part in 10 9 , since J~ = (1.08)10-: 1 for the earth.
Zonal Harmonic Perturbations
For a satellite of the earth, if its orbit is high enough so that drag is small and low enough so that the moon's effect is small, the above reference orbit ought to hold rather well for a good many revolutions. (I purposely choose vague words here, since numerical comparisons are still incomplete.) Eventually, however, the actual orbit will deviate more and more from such a reference orbit, because of the neglected forces. These include forces arising from drag, meteoritic impact, radiation, electromagnetic fields, the sun, and the moon, and the neglected part of the earth's gravitational potential, corresponding to (1.03) minus (1.00). Since the expansion of (1.00) in zonal harmonics is 
The Dynamical Problem
Our· problem is thus to find the motion of a satellite, taken to be of unit mass, when the Hamiltonian is where T is its kinetic energy and where, for the residual fourth harmonic 0"4=J4+n (3.01) (3.02) (3.03) ( We have here reversed the sign of the Hamiltonian, to agree with the usual practice with Delaunay variables.) In carrying out this solution we shall use the results and notation of the solution [Vinti 1961 [Vinti a,b, 1962 for the reference orbit, for which F' = O. If in (3.02) we then put r= a(l-e cos E) = a(l-e 2 )(l + e cos V) -l sin e = sin I sin(v + f32), (3.04) (3.05) the expression (3.02) for Fl will be correct through order J~. To thi s order of accuracy th e anomalies E and v may be given by the quasi -elliptic expressions E = Ms+Eo Note that (3.04) corresponds to r = p .and (3.05) to other approximations of ze roth order in )Z, viz, Such an order of accuracy will result in errors of order n for thos e secular and s hort-periodi c effects which are produced by the perturbing pote ntial (3.02) and of orde r J~ for the correspondinglong-periodic effects. This perturbation (3.02) represents about 0.1 pe rce nt of the de parture of the earth from s pherici ty. The solution for the other harmonics in (2.01) will have the same accuracy. However, since all of these higher harmonics represent only abo ut 0. 5 perce nt of the earth 's de parture from sphericity , the ir lower accuracy, as compar ed with that of th e re fe re nce orbit which has already accounted for 99.5 percent of this departure, s hould not r es ult in serious c umulative errors.
In doing the perturbation theory, the firs t canonical variables that co me to mind are the Jacobi "constants," viz, the a's and f3' s of the reference orbit. When the reference orbi t is elliptic, however, their shortcomings are well known and they lead to the same troubles in the prese nt problem, giving rise to Poisson terms, linear in the time, in the variations in al and a2 .
The next se t of canonical variables that one might try is the set generate d from the a's and f3 's by the generating function (3 .10)
If we define no by (3. 11) the resulting canonical variables are (3.12) canonical with respect to the Hamiltonian (3.13)
When the reference orbit is elliptic, this set is the same as the fast Delaunay set [Garfinkel 1960] .
One may then attempt to apply the von Zeipel method in the way successfully used by Brouwer [1959] and Garfinkel [1959] , first eliminating short· periodic terms and then proceeding to eliminate long·periodic terms. One finds, however, that the corresponding generating function st, which ought to be of the first order in the parameter 0"4 == J4 + J~, must then satisfy BSn B/3; = zeroth order in 0"4.
(3.14)
One may alternatively eliminate short·periodic and long·periodic terms simultaneously, but one then obtains a Poisson term of the form Vi sin 2/3~ in 0'2 -a~. Since Vi has a secular part, such a result would appear absurd, since the "constant" 0'2, which ought to have only a small periodic variation, would then increase indefinitely with time.
These difficulties are examples of the failure of the von Zeipel method whenever the following conditions both hold: (1) the perturbing potential has a long·periodic part of the first order in the perturbation parameter, and (2) the canonical variables are such that the unperturbed Hamiltonian depends only on L.
To obtain a successful set of variables, we may proceed as follows. Let q? and p?, i = 1,2,3, be the coordinates and momenta p, 'T/, cp, PP' P.", p<f> (3.26) 4. The New Delaunay Set With the aid of (3.24) these equations become
(4.10) (4.11) (4.12)
The quantities jrs occurring here are given explicitly as functions of the cx's in eqs (7.16) through (7.21) of an earlier paper [Vinti 1961a With the us e of (3.23), (3.26), and (4.04), we find for the unperturbed problem that and thus for the unperturbed proble m that
where we have dropped the double primes from lo , go, ho. Before finding the effects of the perturbing potential, it is desirable to change the algorithm for the unperturbed problem, given in an earlier paper [Vinti 1961 a, pp. 197-200] To find a21 a nd a22 note that From an earlier paper [Vinti 1961 a, p 189] , it then follows that (5.12) and also that (5.13) where (5.14)
On carrying secular and short·periodic variations only through order J~ and long-periodic perturbations only through order J2, it then follows from (5.04) through (5.08) and (5.12) through (5 .14) that
( 5.15 Thus if k ~ 1, J~ U"mPI is a secular plus short-periodic term of order k + 2 ~ 3 and J~' U"mI;IPl is a long-periodic term of order k + I ~ 2. This proves the statement.
To obtain the variations of a, e, and YJo we may thus use the neglected terms being of order J2. There follow
With use of (5.15), (5.16), (5.19), (5.20) and the relation The element a thus has only a short-periodic variation while the elements e and 1/0 == sin I have both short-periodic and long-periodic but no secular variations. To find SE, Sv, and SIjJ we first insert (4.10) and (4.11) into eqs (8.2) and (8.3) of the earlier paper [Vinti 1961 a] , rejecting all terms of order J~, where k ~ 1. We find
To find Sv , we use the anomaly connection
from which there follows
The variations of the spheroidal coordinates are then
Sp=(I-e cos£)oa-a cosESe+ae sin,ESE
S1/ = sinljJS1/o + 1/0 cos IjJSIjJ It is well to note here that (33 is just as useful an orbital element as ho.
Solution for the Perturbed Delaunay Variables
We now have to solve the canonical equation s (4.13) through (4.16), the perturbing potential being (6.00) in the case of the residual fourth harmonic. To obtain secular and short-periodic variations through order n and long-periodic variations through order Jt, it will suffice to use elliptic approximations in (6.00), since U4 ~ J4 + n= O(}~). Thus in (6.00) we may put and we may use
The part of Fl independent of l is then From (6.02) and (6.05) it follows that
cos 2tjJ dv ="2 7Te 2 (l-e 2 )-3 cos 2g
Equations (6.07) through (6.10) then result in (6. 11)
where the cons tant part is
and the long-periodic part is
The s hurt-periodi c part is the n give n by (6.14)
so that as expected. Wh e n we later take derivatives of a generating fun c ti on with res pect to L , C, and H , we shall have to use the ex pressions (6. 18) to re place th e m in the res ults by th e ele me nt s a, e, and 1)0.
In solving the canonical equations (4.15) and (4.16) we first make a canoni cal transformation to new canonical variables L ' , C' , H ', [ ', g', and hi , so that the ne w Hamiltonian F* shall b e independent of [' and hi. This firs t step will yield th e short-p eriodi c effects . To carry it out , introduce the generating function
where So == L'l+C'g+H'h (6.20) and where SI is to be of the first order in (T4 . Then follow the von Zeipel method, as applied by Brouwer (1959) to satellite orbits. On splitting F* into parts Fri and Fi, we then have 
(6.24)
Taylor expansion in the neighborhood of L', C', H, l, and g, with rejection of terms beyond the first order in (T4, then gives C', H, g) . (6.25) The zeroth order terms lead to
and the first order terms to
a a a a (6.27) In writing down (6.27) we have used (6.14) to express FI as a sum of the terms Fie, F 1p , and Fll and we have replaced g by g' in Fi, a permissible step involving an error of order (T~. In (6 .27) the terms independent of l then yield 
Since V2 -V I is of order J 2 a nd si nce 51 is to be of order 0"4 = J4 + n, it follows that 2'lT(V2 -lIda5dag will be of order n and is thus to be rejected. Thus
(6 .31)
To evaluate the integral in (6.31), apply (6.15) , (6.02), (6.04), and (6.18). Since FJl has a factor 0"4 = Oun, we can make a number of approximations at this point and still ac hi eve our des ired accuracy. These are : drop the primes from L' and G' in (6.31), place
express a, e, and 1)0 by means of (6.18), drop the primes from L' and G' in calc ulatin g a5daL' a nd a5daG', and finall y use (6.18) again to replace L, G, and H in the final formulas by a, e, and 1)0. We obtain The errors of the short· periodic terms will be of order n, for two reasons. First, the shortperiodic terms of the reference orbit were calculated only through terms of order J~; second, the present calculation makes use of elliptic approximations, so that a variation of the form <TJhas an error of order J2 in f and thus of order n in <TJ'. For this second reason the secular corrections produced by the perturbing potential will also have errors of order n, even though the first omitted term in the von Zeipel equation (6.25) is of order <T~ or J~.
Short-Periodic Terms
It is now straightforward but tedious to calculate the short-periodic terms. From (6.22), (6.31), (6.32), and (6.15), we find, through terms of order J~ From (6.23), (7. 12), (7.14), and (7.15), we find 699-8880-63-2
g-g'=-(I-e 2 )-'h(l-l')-u4i ~k
i=! aG;
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(7.29) Then, from (7.13) and (7.08) through (7.10), we find 
F* =Fo(L', G', H)+ F1C(L', G', H)+ F1p(L', G', H, g'),
(8.00)
short-periodic terms having been eliminated. We now try to find new canonical variables L",
Gil, H", [", g', and h", corresponding to a new Hamiltonian F'/;*(L", Gil, H") + Fi*(L", Gil, H"), so that

Fo(L', G', H)+ F1 C(L', G', H) + F1p(L' , G' , H, g') =F'6*(L", Gil, H")+ F*;*(L", Gil , H"). (8.01)
If we can do so, then L", Gil, and H" will be constants of the motion and ["=_ aF** aL"
. , aF**
To find the necessary canonical transformation, we introduce the generating function
S*=L"[' +G"g' +H"h' +St(L", Gil, H", g')
where Sf is to be of order <T4. Resolution of (8.09) into constant and long-periodi c te rms th e n s hows that With use of (4.17) and (6. 13) a nd of double primes to de note quantities corres ponding to Gil, (8 .11 ) beco mes By eqs (7.34) and (7.37) of an earlie r pape r [Vinti 1961 We now express the long-periodic terms in the notation of (5.00) and (5.01).
F (L' G"+ asr H) +F .(L' G"+ asr H) +F (L' G"+asr H g,+asr)
G ' -G"= 0"4 (;4 . 12 Since our constant orbital elements a, e, and I, and thus the frequ e ncies VI and V2 , correspond to L', G", and H, we may drop the double primes from the v's in (9.00). Also, to our specified ac· curacy, we may put e 2 = 1-G"2/L'2 , L'2 = /La, and 1)~ = 1-H2/G"2 in (9.02) through (9.04). Then, with the unperturbed values l , g, and h give n by (4.18), we find g'=g+ (J"~42 -ac' =g-g = ag3
(10.11)
[ 1
(1) +~ e 2 cos (6v + 3g) + ;~ cos (7v+ 3g) ]} - 
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(10.13) (10.14)
--------
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[e
2
-2" e cos (2v + 2g) -12 cos (3v + 2g) -16 sin 21 4 cos (v + 3g)
+2" e cos (2v+ 3g) +3 1 +2" e 2 cos (3v + 3g) +"4 cos (4v+ 3g)+ 20 cos (Sv+ 3g) .
(10.15) (10.16)
Continuing on to the long-periodic effects and following the procedures of section 8, we find so that the third harmonic gives no secular changes, and Now by (10.03) and (10.04). With use of (10.18) and (10.19) and of (8.13) for 27T(V'; -v~), we find so that
It follows that where A summary of the results for the third harmonic will appear in the next section, which gives the complete algorithm.
The Complete Algorithm
We shall summarize results by writing out the complete algorithm for the calculation of the motion in the potential field (1.00), as modified by the third harmonic and the residual fourth harmonic. This will involve a repetition, with some changes, of about two pages of an earlier paper [Vinti 1961 aJ, but it is highly desirable to assemble the whole solution in one place.
Let the planetary constants /-L, r e , 12 , 13, and 14 be given, along with the constant orbital elements a, e, I, to, go, and {33. To calculate the compute Unperturbed Reference Orbit
where P,,(x) is the Legendre polynomial of degree n and where R,,(x) == XnPn(x-I ), always a poly-
where K(q) and E(q) are tli.e complete elliptic integrals of the first and second kinds, respectively. It may be convenient to have the series Continue with 00
The uniformising variables E, v, and 1}1 are then given by E=Ms+Ep, v=M~+Ep, and 1}1=1}1s + 1}1p. If t is the time, their secular parts Ms and 1}1s are given exactly by
Let the periodic parts be split as follows: Ep = Eo + EI + E2, Vp = Vo + VI + V 2, and 1}1p = 1}10 + 1}11 + 1}12, where, e.g., Eo contains t erms of order 1~, 1 2, and 1~, EI contains terms of order 12 and 1~, and E2 contains terms of order n only. 
Then V2 is found by placing v = Ms + Vo + VI + V2 and E = Ms + Eo + E 1+ E2 in the anomaly connections and 
The Zonal Harmonic Perturbations
Within the accuracy of calculation of the pe rturbations, we may use either the approximate or the accurate formulas listed below. (Use of the approximate formulas may involve more work than use of the accurate ones, because th e latter will already be known from the solution of the unp erturb ed proble m.) Co mpute Also, r= p, within the accuracy of the calculation. The n co mpute
Third Harmonic Short-Periodic Quantities
(Note that v -l = vo, within th e accuracy of the calc ulation_ ) (v -l ) . 
8e=-oL-(ae)-1 -8G
I-te I-t
The variations in the uniformising variables E, v, and tjJ are
The variations in the spheroidal coordinates p, 1/, and cf> are then
The final rectangular coordinates X + 8X, Y + 8Y, and Z + 8Z are the n given by
Discussion of Results
Since the chosen accuracy of the quantities appearing in the present perturbation, with factor of order J~, is only that of an elliptic approximation, the variations in the Delaunay variables may be checked against those found by Brouwer [1959] , by Garfinkel [1959] , or by Kozai [1962] . Comparison of the above results with those of Brouwer or of Garfinkel s hows that the long· periodic effects of the third and fourth harmoni cs and the sec ular effects of the fourth agree with Brouwer's or Garfinkel's , provided that one replaces their J4 by J 4 + J~. Comparison with Kozai shows that the short.periodi c effe cts agree with his. I Similarly one can read out of Kozai's paper the long· periodic effects of J 5, J7, and J9 and the long·periodic and secular effects of J6 and Js ; in so doing one ought in principle to replace his J6 by J6 -N and hi s J s by Js + J:, but this would be going be· yond the accuracy of the present calculation. Since . the author's orbital elements differ from Kozai's by terms of order J2, the agreement with Kozai holds only through terms of order J2 for long· periodic effects and through terms of order J~ for short-periodic effects.
IOn hi s page 451, however. in t h e first lin e for 6G , the exp ress ion cos 2g s hould be cos g.
To compare accuraci es, we co nstruct th e following table, noting that the author's reference orbit accounts for about 99.5 perce nt of th e deviation of the earth's potential from spherical symme try. Thus my perturbation potential is only about 0.5 percent of Kozai's. Lo ng-pe riodi c acc urac y
Throu gh 1~
Thro ugh 12
Thus the advantages of the author's treatment are the exact solution for the secular effects arising from 99-5 percent of the aspherical deviation and the muc h shorter algorithm _ The principal advantage of Kozai 's treatment, arising in connection with the remaining 0.5 pe rcent of the aspherical deviation, is hi s more accurate solution for the long-periodic terms.
The present solution, like all previous perturbation theori es, gives rise to th e resonance denominator 1-5 cos 2 I in so me of the long-pe riodic terms. These terms are thu s not reliable if one considers inclinations I s ufficie ntly close to 63.4° or 116.6°. For such inclination s one co uld improve the accuracy by boldly dropping th e long-periodic terms with coefficient J4 + J~ or, be tter, by superposing on the present treatment Izsak's [1962] solution of th e proble m of the criti cal inclination.
The element e occ urs in the de nominators of 8e, L3, g~, L 3, g3 , L 4t , and g4t and thu s also in the denominators of 8L , 8g, oE, ov, and 
